↙̸∀∈ ̸P∇⟩\⌋⟩√↕⌉∫ ≀{ C≀⇕√⊓⊔⌉∇ S†∫⊔⌉⇕∫ F⊣↕↕ S⌉⇕⌉∫⊔⌉∇⇔ ∞∃∃∋ L⌉⌋⊔⊓∇⌉ ∞¬ S⌉√⊔⌉⇕⌊⌉∇ ∞∋⇔ ∞∃∃∋ L⌉⌋⊔⊓∇⌉∇¬ B⟩↕↕ W⌉⟩⟨↕ S⌋∇⟩⌊⌉¬ B∇⌉\⊔ P⟨⟩↕↕⟩√∫ ⊣\⌈ D⌉⌊≀∇⊣⟨ W⊣↕↕⊣⌋⟨∞

∞ C≀⊓∇∫⌉ O⊓⊔↕⟩\⌉ T⟨⟩∫ ⌋≀⊓∇∫⌉ ⟩∫ ⊣ }∇⊣⌈⊓⊣⊔⌉ ↕⌉⊑⌉↕ ⟩\⊔∇≀⌈⊓⌋⊔⟩≀\ ⊔≀ ⊔⟨⌉ √∇⟩\⌋⟩√↕⌉∫ ≀{ ⌋≀⇕√⊓⊔⌉∇ ∫†∫⊔⌉⇕∫⇔ ⊒⟩⊔⟨ ⊣ {≀⌋⊓∫ ≀\ ⌋≀\⌋⊓∇∇⌉\⊔ ⊣\⌈ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ ∫†∫⊔⌉⇕∫↙ I\∫⊔⌉⊣⌈ ≀{ ⌊⌉⟩\} ⌊⊣∫⌉⌈ ≀\ ⌋⊣∫⌉ ∫⊔⊓⌈⟩⌉∫⇔ ⊔⟨⌉ ⌋↕⊣∫∫ ⊒⟩↕↕ ⊣⊔⊔⌉⇕√⊔ ⊔≀ ⊣⌊∫⊔∇⊣⌋⊔ }⌉\⌉∇⊣↕ √∇⟩\⌋⟩√↕⌉∫ {∇≀⇕ ⊔⟨⌉ ⌉§⊣⇕√↕⌉ ∫†∫⊔⌉⇕∫↙ T⟨⌉ √∇⟩⇕⊣∇† ⊔≀≀↕∫ {≀∇ ⌈⌉∫⟩}\⟩\} ∇⌉⊣↕ ∫†∫⊔⌉⇕∫ ⊣∇⌉ ∇⟩}≀∇≀⊓∫ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣\⌈ ⊣⌊∫⊔∇⊣⌋⊔⟩≀\↙ T⟨⌉∇⌉ ⊒⟩↕↕ ⌊⌉ \≀ ⊔⌉§⊔⇔ ⌊⊓⊔ ⊔⟨⌉∇⌉ ⊒⟩↕↕ ⌊⌉ √⊣√⌉∇∫⇔ ⟨⊣\⌈≀⊓⊔∫⇔ √∇≀⌊↕⌉⇕ ∫⌉⊔∫⇔ ⊣ ⊘\⊣↕ ⌉§⊣⇕⇔ ⊣\⌈ ⇕⊣†⌊⌉ ⊣ ⇕⟩⌈⊔⌉∇⇕↙ G∇⊣⌈⌉∫ ⊒⟩↕↕ ⌊⌉ ⌊⊣∫⌉⌈ ▽′↗ ≀\ √∇≀⌊↕⌉⇕ ∫⌉⊔∫⇔ ⊣\⌈ ▽′↗ ≀\ ⌉§⊣⇕∫↙ L⌉⌋⊔⊓∇⌉ \≀⊔⌉∫ {≀∇ ↕⊣∫⊔ †⌉⊣∇ ⊣∇⌉ ⊣⊑⊣⟩↕⊣⌊↕⌉ ≀\ A⊔⟨⌉\⊣ ⟩\ ⊔⟨⌉ ↙̸∀∈ ̸↕≀⌋‖⌉∇⇔ ≀∇ {∇≀⇕ LCS P⊓⌊↕⟩⌋⊣⊔⟩≀\∫ ⊣∫ R⌉∫⌉⊣∇⌋⟨ S⌉⇕⟩\⊣∇ S⌉∇⟩⌉∫ ↓∈∈↙ T⟨⌉ ⌋≀⊓∇∫⌉ ⟩∫ ⌊⊣∫⌉⌈ ≀\ ⊔⟨∇⌉⌉ ⊔≀√⟩⌋∫¬ • S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣\⌈ A⌊∫⊔∇⊣⌋⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⊣⌊∫⊔∇⊣⌋⊔ ⊔⟨⌉ ⊑⟩∫⟩⌊↕⌉ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⊣ ∫†∫⊔⌉⇕ {∇≀⇕ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ⟩⊔∫ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ • R⌉⊣∫≀\⟩\} A⌊≀⊓⊔ P∇≀}∇⊣⇕∫ ⊣\⌈ S†∫⊔⌉⇕∫⇔ ⊒⟨⟩⌋⟨ ⟩∫ ⊣⟩⇕⌉⌈ ⊣⊔ √∇≀⊑⟩\} ⊔⟨⌉ ⌋≀∇∇⌉⌋⊔\⌉∫∫ ≀{ √∇≀}∇⊣⇕∫ ⊣\⌈ ∫†∫⊔⌉⇕∫↙ • P⌉∇{≀∇⇕⊣\⌋⌉⇔ ⟩\⌋↕⊓⌈⟩\} ⇕⌉⊔⟨≀⌈∫ ≀{ √⌉∇{≀∇⇕⊣\⌋⌉ ⌉\⟨⊣\⌋⌉⇕⌉\⊔ ⊣\⌈ ⟩∫∫⊓⌉∫ ⟩\ ⌈⌉∫⟩}\ ⊔∇⊣⌈⌉↖ ≀{{∫↙ T⟨⌉∫⌉ ⟩∫∫⊓⌉∫ ⊒⟩↕↕ ⌊⌉ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⊔⟨⌉ ⌋≀\⊔⌉§⊔ ≀{ ⊔⟨⌉ {≀↕↕≀⊒⟩\} ∫√⌉⌋⟩⊘⌋ ⊣∇⌉⊣∫ ⊣\⌈ ⊔⌉⌋⟨\⟩∐⊓⌉∫¬ • O√⊔⟩⇕⟩‡⊣⊔⟩≀\ T⌉⌋⟨\⟩∐⊓⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ⌋⊣⌋⟨⟩\}↙ • F⊣⊓↕⊔↖T≀↕⌉∇⊣\⌋⌉¬ ⌊⊓⟩↕⌈⟩\} ∫†∫⊔⌉⇕∫ ⊒⟨⟩⌋⟨ ‖⌉⌉√ ⊒≀∇‖⟩\} ⟩\ ⊔⟨⌉ {⊣⌋⌉ ≀{ ⌉∇∇≀∇∫↙ • C≀\⌋⊓∇∇⌉\⌋†⇔ ⊒⟨⌉∇⌉ ∫⌉⊑⌉∇⊣↕ √∇≀⌋⌉∫∫⌉∫ ⊣∇⌉ ⊣↕↕≀⊒⌉⌈ ⊔≀ ∇⊓\ ⟩\ √⊣∇⊣↕↕⌉↕ ⊣\⌈ ⟩\⊔⌉∇⊣⌋⊔ ⊒⟩⊔⟨ ⌉⊣⌋⟨ ≀⊔⟨⌉∇↙ T⟨⟩∫ ⌋≀⊓∇∫⌉ ⌈≀⌉∫ \≀⊔ ⌋≀⊑⌉∇ ⊣ ∫⊔⊓⌈† ≀{ √⊣∇⊣↕↕⌉↕ ⊣↕}≀∇⟩⊔⟨⇕∫ ≀∇ √⊣∇⊣↕↕⌉↕ ⇕⌉⊔⟨≀⌈∫ {≀∇ ∫≀↕⊑⟩\} ∫√⌉⌋⟩⊘⌋ √∇≀⌊↕⌉⇕∫↙ • D⟩∫⊔∇⟩⌊⊓⊔⌉⌈ S†∫⊔⌉⇕∫⇔ ⊒⟨⌉∇⌉ ⊣ ∫†∫⊔⌉⇕ ⌋≀\∫⟩∫⊔∫ ≀{ ∫⌉⊑⌉∇⊣↕ \≀⌈⌉∫ ∫√∇⌉⊣⌈ ⊣⌋∇≀∫∫ ⊣ \⌉⊔⊒≀∇‖↙ • O⊔⟨⌉∇ I∫∫⊓⌉∫⇔ ∫⊓⌋⟨ ⊣∫ ∫⌉⌋⊓∇⟩⊔† ⊣\⌈ \⊣⇕⟩\}↙ ∞T⟨⌉∫⌉ \≀⊔⌉∫ ⊣∇⌉ ⌊⊣∫⌉⌈ ≀\ ⊔⟨≀∫⌉ ≀{ U⇕⌉∫⟨ M⊣⟨⌉∫⟨⊒⊣∇⟩ ⇐S⌉√⊔⌉⇕⌊⌉∇ ∞∞⇔ ∞∃∃∞⇒ ⊣\⌈ F∇⌉⌈ C⟨≀\} ⇐S⌉√⊔⌉⇕⌊⌉∇ ∞△⇔ ∞∃∃∈⇒↙

∞

∈ P∇⟩\⌋⟩√↕⌉∫ ≀{ C≀⇕√⊓⊔⌉∇ S†∫⊔⌉⇕ D⌉∫⟩}\ A ↕⟩∫⊔ ≀{ √∇⟩\⌋⟩√↕⌉∫ ⊓∫⌉{⊓↕ ⟩\ ⊔⟨⌉ ⌈⌉∫⟩}\ ≀{ ⌋≀⇕√⊓⊔⌉∇ ∫†∫⊔⌉⇕∫ ⌋≀⊓↕⌈ ⌋≀\⌋⌉⟩⊑⊣⌊↕† ⌊⌉ ⊑⌉∇† ↕≀\}↙ A∫ \≀⊔⌉⌈ ⌉⊣∇↕⟩⌉∇⇔ ⊒⌉ ∫⟨⊣↕↕ {≀⌋⊓∫ ≀\ ⊔⟨∇⌉⌉ {⊣⌋⊔≀∇∫¬ ⊣⌊∫⊔∇⊣⌋⊔⟩≀\⇔ ∇⌉⊣∫≀\⟩\} ⊔⌉⌋⟨\⟩∐⊓⌉∫⇔ ⊣\⌈ ⊔∇⊣⌈⌉≀{{∫ ⌊⌉↖ ⊔⊒⌉⌉\ √⌉∇{≀∇⇕⊣\⌋⌉⇔ {⊓\⌋⊔⟩≀\⊣↕⟩⊔† ⊣\⌈ ⌋≀⇕√↕⌉§⟩⊔†↙ A⌊∫⊔∇⊣⌋⊔⟩≀\ ∇⌉{⌉∇∫ ⊔≀ ⊔⟨⌉ √∇≀⌋⌉∫∫ ≀{ ⊓∫⟩\} ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊔≀ ∫⌉√⊣∇⊣⊔⌉ ⊔⟨⌉ {⊓\⌋⊔⟩≀\⊣↕⟩⊔† ≀{ ⊣ ∫†∫⊔⌉⇕ {∇≀⇕ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕∫ ≀{ ⟩⊔∫ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊔⌉↕↕ ⊒⟨⊣⊔ ⊣ ∫†∫⊔⌉⇕ ∫⟨≀⊓↕⌈ ⌈≀⇔ ⊒⟩⊔⟨≀⊓⊔ ⌈⟩⌋⊔⊣⊔⟩\} ⟨≀⊒ ⟩⊔ ∫⟨≀⊓↕⌈ ⌊⌉ ⌈≀\⌉↙ I\ ≀⊔⟨⌉∇ ⊒≀∇⌈∫⇔ ⊣ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ∫⟨≀⊓↕⌈ ⌊⌉ ⌈⌉⊘\⟩⊔⟩≀\⊣↕⇔ \≀⊔ ≀√⌉∇⊣⊔⟩≀\⊣↕↙ A∫ ⊣\ ⌉§⊣⇕√↕⌉⇔ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ {≀∇ ⊣ SORT ∇≀⊓⊔⟩\⌉ ⇕⊣† ∫⊔⊣⊔⌉ ⇕⌉∇⌉↕† ⊔⟨⊣⊔ ⟩⊔ √⌉∇⇕⊓⊔⌉∫ ⊔⟨⌉ ⟩\√⊓⊔ ∫⌉∐⊓⌉\⌋⌉ ≀{ \⊓⇕⌊⌉∇∫ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⊔⟨⌉ ≀⊓⊔√⊓⊔ ∫⌉∐⊓⌉\⌋⌉ ⟨⊣∫ ⊔⟨⌉⇕ ⟩\ ⟩\⌋∇⌉⊣∫⟩\} ≀∇⌈⌉∇↙ T⟨⌉ √⊣∇⊔⟩⌋⊓↕⊣∇ ∫≀∇⊔⟩\} ⊣↕}≀∇⟩⊔⟨⇕ ⊓∫⌉⌈ ⊔≀ ⊣⌋⟨⟩⌉⊑⌉ ⊔⟨⟩∫ ⟩∫ ⟩∇∇⌉↕⌉⊑⊣\⊔↙ T⟨⌉ ⌈⟩∫⊔⟩\⌋⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ ⊒⟨⊣⊔ ⟩∫ ⊣\⌈ ⟩∫ \≀⊔ ⊣ √⊣∇⊔ ≀{ ⊣ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⟩∫ ∫⊓⌊|⌉⌋⊔⟩⊑⌉⇔ ⌈⌉√⌉\⌈⟩\} ≀\ ⊒⟨⟩⌋⟨ ⊣∫√⌉⌋⊔∫ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕≃∫ ⌊⌉⟨⊣⊑⟩≀∇ ⟩⊔∫ ⊓∫⌉∇∫ ⊘\⌈ ⟩\⊔⌉∇⌉∫⊔⟩\}↙ F≀∇ ⟩\∫⊔⊣\⌋⌉⇔ ⟩{ ⊔⟨⌉ SORT ∇≀⊓⊔⟩\⌉ ⟩∫ ∇⌉∐⊓⟩∇⌉⌈ ⊔≀ ∇⊓\ ⟩\ O(n log n) time, then this fact would appear in the speciffcations, and less efffcient implementations like InsertionSort would be ruled out.

The use of abstractions in design has some obvious advantages: • I⊔ √∇≀⊑⟩⌈⌉∫ ⇕≀⌈⊓↕⊣∇⟩⊔† ⊣\⌈ ⇕≀⌈⟩⊘⊣⌊⟩↕⟩⊔†↙ T⟨⊣⊔ ⟩∫⇔ ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⊣ ⇕≀⌈⊓↕⌉ ⌋⊣\ ⌊⌉ ∇⌉√↕⊣⌋⌉⌈ ⊒⟩⊔⟨≀⊓⊔ ⌋⟨⊣\}⟩\} ⟩⊔∫ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\⇔ ⊣\⌈ ⊔⟨⌉∇⌉{≀∇⌉⇔ ≀⊔⟨⌉∇ ⇕≀⌈⊓↕⌉∫ ⊓∫⟩\} ⟩⊔ ∇⌉⇕⊣⟩\ ⊓\⊣{{⌉⌋⊔⌉⌈↙ • I⊔ ⊣↕↕≀⊒∫ ⊔⟨⌉ ⌈⌉∫⟩}\⌉∇ ⊔≀ ⊣⊑≀⟩⌈ √∇⌉⇕⊣⊔⊓∇⌉ ≀√⊔⟩⇕⟩‡⊣⊔⟩≀\↙ F≀∇ ⌉§⊣⇕√↕⌉⇔ ≀\⌉ ⌋≀⊓↕⌈ ⌉⇕√↕≀† ⊣\ ⟩\⌉{⊘⌋⟩⌉\⊔ ⌊⊓⊔ ∫⟩⇕√↕⌉↖⊣\⌈↖∫⊓∇⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⊔≀ ⌊⌉}⟩\ ⊒⟩⊔⟨⇔ ⊣\⌈ ⊒≀∇∇† ⊣⌊≀⊓⊔ √⌉∇{≀∇⇕⊣\⌋⌉ ≀\↕† ⊣{⊔⌉∇ ⊔⟨⌉ ⟩\⊔⌉}∇⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕ ⟩∫ ⌋≀⇕√↕⌉⊔⌉↙ • I⊔ ⟩∫ ⊣ }≀≀⌈ ⊒⊣† ⊔≀ ⌈≀⌋⊓⇕⌉\⊔ {⊓\⌋⊔⟩≀\⊣↕⟩⊔†↙ S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⊑⟩⌉⊒⌉⌈ ⊣∫ ⌋≀\⊔∇⊣⌋⊔∫ ⌊⌉⊔⊒⌉⌉\ ⊓∫⌉∇∫ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔≀∇∫↙ T⟨⌉ ⊓∫⌉∇∫ ⇕⊓∫⊔ ∇⌉↕† ≀\↕† ≀\ ⊔⟨⌉ √∇≀√⌉∇⊔⟩⌉∫ ⟩\ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\↙ T⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇∫ ⇕⊓∫⊔ √∇≀⊑⟩⌈⌉ ⊔⟨≀∫⌉ √∇≀√⌉∇⊔⟩⌉∫↙ A↕⊔⟨≀⊓}⟨ ⊣\ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕⊣† ⟨⊣⊑⌉ ⌋⌉∇⊔⊣⟩\ {≀∇⊔⊓⟩⊔≀⊓∫ ⊓\∫√⌉⌋⟩⊘⌉⌈ {⌉⊣⊔⊓∇⌉∫⇔ ⊓∫⌉∇∫ ∫⟨≀⊓↕⌈ \≀⊔ ∇⌉↕† ⊓√≀\ ⊔⟨⌉⇕↙ T⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔≀∇∫ ⊣∇⌉ {∇⌉⌉ ⊔≀ ⌋⟨⊣\}⌉ ∫⊓⌋⟨ {⌉⊣⊔⊓∇⌉∫ ⟩\ {⊓⊔⊓∇⌉ ⊑⌉∇∫⟩≀\∫ ≀{ ⊔⟨⌉ ∫†∫⊔⌉⇕↙ F≀∇ ⊣\ ⌉§⊣⇕√↕⌉ ≀{ ⊣ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\⇔ ↕⌉⊔ ⊓∫ ⊣⊔⊔⌉⇕√⊔ ⊔≀ ↕⟩∫⊔ ⊔⟨⌉ ⌉∫∫⌉\⊔⟩⊣↕ {⌉⊣⊔⊓∇⌉∫ ≀{ ⊣ ⊒∇⟩∫⊔⊒⊣⊔⌋⟨¬ • T⟨⌉ ⌈⟩∫√↕⊣†⌉⌈ ⊔⟩⇕⌉ ⇕⊓∫⊔ ⌊⌉ ⊣⌋⌋⊓∇⊣⊔⌉ ⊔≀ ⊒⟩⊔⟨⟩\ ∫≀⇕⌉ ∫⇕⊣↕↕ ⌈⌉↕⊔⊣↙ • U∫⌉∇ ⟩\⊔⌉∇{⊣⌋⌉�⊔⟨⌉ ⌈⟩∫√↕⊣† ⊣\⌈ ⟩\√⊓⊔ ⇕⌉⌋⟨⊣\⟩∫⇕∫ ⇕⊓∫⊔ ⌊⌉ ≀{ ⊣ ⌋⌉∇⊔⊣⟩\ {≀∇⇕⊣⊔↙ • T⟨⌉ ⌉\⌉∇}† ∫≀⊓∇⌋⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ ⊣ ∇⌉⊣∫≀\⊣⌊↕⌉ ↕⟩{⌉⊔⟩⇕⌉↙ • T⟨⌉ ⊒⊣⊔⌋⟨ ⇕⊓∫⊔ ⌊⌉ ⊒⊣⊔⌉∇√∇≀≀{ ⊔≀ ⊣ ⌋⌉∇⊔⊣⟩\ ⌈⌉√⊔⟨↙ • A⌉∫⊔⟨⌉⊔⟩⌋∫�⊔⟨⌉ ⊒⊣⊔⌋⟨ ⇕⊓∫⊔ ⌊⌉ ⊓\⌈⌉∇ ⊣ ⌋⌉∇⊔⊣⟩\ ⊒⌉⟩}⟨⊔⇔ ⊔⟨⌉ ∫⊔∇⊣√ ≀{ ⊣ ⌋⌉∇⊔⊣⟩\ ⊔†√⌉↙ • T⟨⌉ √∇⟩⌋⌉ ⇕⊓∫⊔ ⌊⌉ ⊓\⌈⌉∇ ⊣ ⌋⌉∇⊔⊣⟩\ ⊣⇕≀⊓\⊔↙

∈

F⟩}⊓∇⌉ ∞¬ P⌉∇{≀∇⇕⊣\⌋⌉∝{⊓\⌋⊔⟩≀\⊣↕⟩⊔† ⊔∇⊣⌈⌉≀{{ ⟩\ ⊣ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ ∫†∫⊔⌉⇕↙ T⟨⌉ ⊣⌋⊔⊓⊣↕ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⊣ ⊒⊣⊔⌋⟨↖⌈⌉∫⟩}\⟩\} ⌋≀⇕√⊣\† ⊒≀⊓↕⌈ ⊓∫⌉⇔ ⟨≀⊒⌉⊑⌉∇⇔ ⌈⌉√⌉\⌈∫ ⊓√≀\ ⊓∫⌉∇ \⌉⌉⌈∫↙ T⟨⌉ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ⇕≀⌈⊓↕⌉∫ ⟩∫ ⊓∫⊓⊣↕↕† ⊒⌉↕↕↖⊓\⌈⌉∇∫⊔≀≀⌈ ⟩\ ⊣ ∫⌉∐⊓⌉\⊔⟩⊣↕ ⊒≀∇↕⌈⇔ ⌊⊓⊔ ⟨⊣∫ ⇕≀∇⌉ ⌋≀⇕↖ √↕⟩⌋⊣⊔⌉⌈ ⇕⌉⊣\⟩\} {≀∇ ⌋≀\⌋⊓∇∇⌉\⊔ ⊣\⌈ ⌈⟩∫⊔∇⟩⌊⊓⊔⌉⌈ ∫†∫⊔⌉⇕∫⇔ ⊒⟨⌉∇⌉ ⌉⊑⌉\⊔∫ ⇕⊣† ⌊⌉ ≀⌋⌋⊓∇∇⟩\} ⊒⟨⟩↕⌉ ⊣ √∇≀⌋⌉∫∫ ⟩∫ ⌉§⌉⌋⊓⊔⟩\}↙ S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ {≀∇ ⊣ ⌋≀\⌋⊓∇∇⌉\⊔ ∫†∫⊔⌉⇕ ⊣∇⌉ ≀{⊔⌉\ ⊒⌉⊣‖⌉∇ ⊔⟨⊣\ ⊔⟨≀∫⌉ {≀∇ ⊣ ∫⌉↖ ∐⊓⌉\⊔⟩⊣↕ ∫†∫⊔⌉⇕↙ T⟨⟩∫ ∇⌉∫⊓↕⊔∫ {∇≀⇕ ⊔⟨⌉ \≀\↖⌈⌉⊔⌉∇⇕⟩\⊣⌋† ⊣↕↕≀⊒⌉⌈ ⌊† ⊔⟨⌉ √∇⌉∫⌉\⌋⌉ ≀{ ⌋≀\⌋⊓∇∇⌉\⌋†↙ F≀∇⌋⟩\} ⌈⌉⊔⌉∇⇕⟩\⟩∫⇕ ⟩\ ∫⊓⌋⟨ ⊣ ∫†∫⊔⌉⇕ ⇕⊣† ∇⌉∫⊓↕⊔ ⟩\ ⌈⌉}∇⊣⌈⊣⊔⟩≀\ ≀{ √⌉∇{≀∇⇕⊣\⌋⌉↙ A∫ ⊣\ ⟩↕↕⊓∫⊔∇⊣⊔⟩≀\⇔ ⌋≀\∫⟩⌈⌉∇ ⊣ \⌉⊔⊒≀∇‖ ≀{ ⊘↕⌉ ∫⌉∇⊑⌉∇∫ ⊣\⌈ ⌋↕⟩⌉\⊔∫ ⇐F⟩}⊓∇⌉ ∞⇒↙ I{ C↕⟩⌉\⊔ A ⊓√⌈⊣⊔⌉∫ ⊣ ⊘↕⌉ ⌊⌉{≀∇⌉ C↕⟩⌉\⊔ B ∇⌉⊣⌈∫ ⟩⊔⇔ ⊔⟨⌉ ⇕≀∫⊔ ∫⊔∇⊣⟩}⟨⊔{≀∇⊒⊣∇⌈ ∫⌉⇕⊣\⊔⟩⌋∫ ⊒≀⊓↕⌈ }⊓⊣∇⊣\⊔⌉⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ⇕≀⌈⟩⊘⌋⊣↖ ⊔⟩≀\∫ ⊣∇⌉ ∇⌉⊙⌉⌋⊔⌉⌈ ⟩\ ⊔⟨⌉ ⌈⊣⊔⊣ ∇⌉⊣⌈ ⌊† C↕⟩⌉\⊔ B↙ H≀⊒⌉⊑⌉∇⇔ √⌉∇{≀∇⇕⊣\⌋⌉ ⊒≀⊓↕⌈ ⟩⇕√∇≀⊑⌉ ⊔∇⌉⇕⌉\⌈≀⊓∫↕† ⟩{ C↕⟩⌉\⊔ B ⌋≀⊓↕⌈ ⊓∫⌉ ⊣ ⌋⊣⌋⟨⌉⌈ ⇐√≀⊔⌉\⊔⟩⊣↕↕† ≀↕⌈⇒ ⌋≀√† ≀{ ⊔⟨⌉ ⊘↕⌉↙ I\ ⊔⟨⟩∫ ∫⌋⌉\⊣∇⟩≀⇔ ⇕≀⌈⟩⊘⌋⊣⊔⟩≀\∫ ⊔≀ ⊔⟨⌉ ⊘↕⌉ ⊣∇⌉ √∇≀√⊣}⊣⊔⌉⌈ ⊔≀ C↕⟩⌉\⊔ B ∫⟨≀∇⊔↕† ⊣{⊔⌉∇ ⊔⟨⌉† ≀⌋⌋⊓∇↙ T⟨⌉ ⌉§⊔∇⊣ √⌉∇{≀∇⇕⊣\⌋⌉ ∇⌉∐⊓⟩∇⌉∫ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⌉⇕⊣\⊔⟩⌋∫ ⌊⌉ ∇⌉↕⊣§⌉⌈∅ ⊔⟨⊓∫⇔ ⊔⟨⌉∇⌉ ⊣∇⌉ ⊔∇⊣⌈⌉≀{{∫ ⌊⌉⊔⊒⌉⌉\ }≀≀⌈ √⌉∇{≀∇⇕⊣\⌋⌉ ⊣\⌈ ⊔⟨⌉ ⌈⌉∫⟩∇⊣⌊↕⌉ {⊓\⌋⊔⟩≀\⊣↕⟩⊔† ⊒⟩⊔⟨ ∫⟩⇕√↕⌉∇ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫↙

∋ W∇⟩⊔⟩\} S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ S√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⌋⊣\ ⌊⌉ ⊒∇⟩⊔⊔⌉\ ⌉⟩⊔⟨⌉∇ {≀∇⇕⊣↕↕† ≀∇ ⟩\{≀∇⇕⊣↕↕†↙ A↕⊔⟨≀⊓}⟨ ⟩\{≀∇⇕⊣↕ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣∇⌉ ⌊⌉⊔⊔⌉∇ ⊔⟨⊣\ \≀ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣⊔ ⊣↕↕⇔ ⊔⟨⌉† ⊣∇⌉ ≀{⊔⌉\ ⊣⇕⌊⟩}⊓≀⊓∫↙ F≀∇⇕⊣↕ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣∇⌉ ∫≀⇕⌉⊔⟩⇕⌉∫ ⟨⊣∇⌈ ⊔≀ ∇⌉⊣⌈⇔ ⌊⊓⊔ ⊣∇⌉ ⌋≀\⊑⌉\⟩⌉\⊔ ⊔≀ ∇⌉⊣∫≀\ ⊣⌊≀⊓⊔↙ I\ ⊔⟨⟩∫ ⌋≀⊓∇∫⌉⇔ ⌊≀⊔⟨ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\∫ ⊒⟩↕↕ ⌊⌉ ⊒∇⟩⊔⊔⌉\ ⊓∫⟩\} ≀\⌉ ↕⊣\}⊓⊣}⌉¬ S√⌉⌋↙ S√⌉⌋ ⟩∫ ⌊⊣∫⌉⌈ ≀\ E⌈∫}⌉∇ D⟩|‖∫⊔∇⊣≃∫ G⊓⊣∇⌈⌉⌈ C≀⇕⇕⊣\⌈∫⇔ ⊣∫ ⌉§⊔⌉\⌈⌉⌈ ⌊† G∇⌉} N⌉↕∫≀\⇔ ⊣\⌈ ⊣⊓}⇕⌉\⊔⌉⌈ ⊒⟩⊔⟨ ⌋≀\∫⊔∇⊓⌋⊔∫ {≀∇ ⌋≀\⌋⊓∇∇⌉\⌋† ⊣\⌈ ⊣⊔≀⇕⟩⌋⟩⊔† ⌊† B⊓⊔↕⌉∇ L⊣⇕√∫≀\↙∈ ∈D⟩|‖∫⊔∇⊣⇔ E↙⇔ ⊖G⊓⊣∇⌈⌉⌈ C≀⇕⇕⊣\⌈∫⇔ N≀\⌈⌉⊔⌉∇⇕⟩\⊣⌋† ⊣\⌈ F≀∇⇕⊣↕ D⌉∇⟩⊑⊣⊔⟩≀\ ≀{ P∇≀}∇⊣⇕∫⇔⪰ C≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\∫≀{ ⊔⟨⌉ ∋

U∫⟩\} ≀\↕† ≀\⌉ ↕⊣\}⊓⊣}⌉ ⊣↕↕≀⊒∫ ∫⊓⌋⌋⌉∫∫⟩⊑⌉ ∇⌉⊘\⌉⇕⌉\⊔ ≀{ ⊣ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⟩\⊔≀ ⊣ {⊓↕↕↖⊙⌉⌈}⌉⌈ ⟩⇕↖ √↕⌉⇕⌉\⊔⊣⊔⟩≀\↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⟩∫ ∫†∫⊔⌉⇕ ⟨⊣∫ ∫≀⇕⌉ √⟩⊔{⊣↕↕∫ ≀{ ⟩⊔∫ ≀⊒\↙ O\⌉ ⌋⊣\ ⌉⊣∫⟩↕† ↕⊣√∫⌉ ⟩\⊔≀ ⊓∫⟩\} ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ∫⊔†↕⌉ ⊒⟨⟩↕⌉ ⌋≀⌈⟩\} ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫⇔ ⊔⟨⊓∫ ≀⊑⌉∇↖⌋≀\∫⊔∇⊣⟩\⟩\} ⊔⟨⌉ ∫√⌉⌋⟩⊘↖ ⌋⊣⊔⟩≀\∫↙ I\⌈⌉⌉⌈⇔ ⊣\ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⟩∫ ⊣ √↕⊣⊓∫⟩⌊↕⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\↙ C≀\⊑⌉∇∫⌉↕†⇔ ≀\⌉ ⇕⟩}⟨⊔ ⌊⌉ ⊔⌉⇕√⊔⌉⌈ ⊔≀ ⊓∫⌉ ∫≀⇕⌉ ≀{ ⊔⟨⌉ ∫⊓⌋⌋⟩\⌋⊔ ⌋≀\∫⊔∇⊓⌋⊔∫ √∇≀⊑⟩⌈⌉⌈ {≀∇ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ⊒⟨⟩↕⌉ ⊒∇⟩⊔⟩\} ⊔⟨⌉ ⟩⇕√↕⌉⇕⌉\↖ ⊔⊣⊔⟩≀\⇔ ⊒⟨⟩⌋⟨ ⇕⊣† \≀⊔ ⊔∇⊣\∫↕⊣⊔⌉ ⟩\⊔≀ ∇⌉⊣↕⟩∫⊔⟩⌋ ≀∇ ⌉{⊘⌋⟩⌉\⊔ ⌋≀⌈⌉↙ T⟨⊓∫⇔ ⊒⌉ \⌉⌉⌈ ⊔≀ ⌉§⌉∇⌋⟩∫⌉ ∫≀⇕⌉ ⊖∫⌉↕{↖∇⌉∫⊔∇⊣⟩\⊔⪰ ⟩\ ⊓∫⟩\} S√⌉⌋ {≀∇ ⊔⟨⌉ ⊔⊒≀ ⌈⟩{{⌉∇⌉\⊔ √⊓∇√≀∫⌉∫↙ W⌉ \≀⊒ ⊔⊓∇\ ⊔≀ ⊒⟨⊣⊔ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ {≀∇ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ⇕⟩}⟨⊔ ↕≀≀‖ ↕⟩‖⌉↙ I⊔ ⌋≀⊓↕⌈ ⌋≀\⌋⌉⟩⊑⊣⌊↕† ⌊⌉ ⊣ {⊓\⌋⊔⟩≀\ ⇕⊣√√⟩\} ⊔⟨⌉ ⟩\√⊓⊔ ⊣∇}⊓⇕⌉\⊔∫ ⊣\⌈ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫⊔⊣⊔⌉ ⊔≀ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ∇⌉⊔⊓∇\⌉⌈ ⊣\⌈ ⊔⟨⌉ ⊘\⊣↕ ∫⊔⊣⊔⌉↙ H⌉∇⌉⇔ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ⌉\⌋⊣√∫⊓↕⊣⊔⌉ ⌊≀⊔⟨ ⊔⟨⌉ ⊑⊣↕⊓⌉∫ ∇⌉⊔⊓∇\⌉⌈ \≀∇⇕⊣↕↕† ⊣\⌈ ⊔⟨⌉ ⌉§⌋⌉√⊔⟩≀\∫ ∇⊣⟩∫⌉⌈∅ ⊔⟨⌉ ∫⊔⊣⊔⌉ ⊑⊣∇⟩⊣⌊↕⌉∫ ⊣∇⌉ ⊓∫⌉⌈ ⊔≀ ⌋⊣√⊔⊓∇⌉ ∫⟩⌈⌉↖⌉{{⌉⌋⊔∫↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ⊓∫⌉ ≀{ ⊣ {⊓\⌋⊔⟩≀\ {≀∇ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ {⊣⟩↕∫ ⊔≀ ⌋⊣√⊔⊓∇⌉ ⊔⟨⌉ \≀\↖⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⌊⌉⟨⊣⊑⟩≀∇ ≀{ ∫≀⇕⌉ √∇≀⌋⌉⌈⊓∇⌉∫↙ T⟨⊣⊔ ⟩∫⇔ {≀∇ ⊔⟨⌉ ∫⊣⇕⌉ ⟩\√⊓⊔ ⊣\⌈ ⟩\⟩⊔⟩⊣↕ ∫⊔⊣⊔⌉⇔ ⊣ \⊓⇕⌊⌉∇ ≀{ ≀⊓⊔√⊓⊔ ⊑⊣↕⊓⌉∫ ≀∇ ∫⊔⊣⊔⌉ ⇕⊣† ⌊⌉ ⊣⌋⌋⌉√⊔⊣⌊↕⌉↙ S≀⇕⌉ ⌉§⊣⇕√↕⌉∫ ≀{ ∫⊓⌋⟨ √∇≀⌋⌉⌈⊓∇⌉∫ ⊣∇⌉¬ • SQRT⇐§⇒ ⊒⟨⟩⌋⟨ ⇕⟩}⟨⊔ ⌊⌉ ⊣↕↕≀⊒⌉⌈ ⊔≀ ∇⌉⊔⊓∇\ ⊣\† ⊑⊣↕⊓⌉ ⊒⟩⊔⟨⟩\ √ § ± ϵ for want of better preci sion▷ • SEARCH⇐⟩⊔⌉⇕¬T⇔ ∫¬SEQ T⇒ ⊒⟨⟩⌋⟨ ∇⌉⊔⊓∇\∫ ⊣\† ⟩\⌈⌉§ | ⟩\ ∫⇔ ∫⊓⌋⟨ ⊔⟨⊣⊔ ∫⇐|⇒ = item, or raises a NotFound exception if none exists. • T⟨⌉ ∫⊔≀∇⊣}⌉ ⊣↕↕≀⌋⊣⊔≀∇⇔ ⊒⟨⟩⌋⟨ ⇕⟩}⟨⊔ ∇⌉⊔⊓∇\ ⊣\† ≀{ ⊔⟨⌉ ∫⌉⊑⌉∇⊣↕ ⊣⊑⊣⟩↕⊣⌊↕⌉ {∇⌉⌉ ⌊↕≀⌋‖∫ ≀\ ∇⌉∐⊓⌉∫⊔ {≀∇ ⊣ ⌋⟨⊓\‖ ≀{ ⇕⌉⇕≀∇†↙ T⟨⊓∫ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ {≀∇ ⊣ √∇≀⌋⌉⌈⊓∇⌉ ∫⟨≀⊓↕⌈ ⌊⌉ ⌉§√∇⌉∫∫⌉⌈ ⊣∫ ⊣ ∇⌉↕⊣⊔⟩≀\ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⟩\√⊓⊔ ⊣∇}⊓↖ ⇕⌉\⊔∫ √↕⊓∫ ⊔⟨⌉ ⟩\⟩⊔⟩⊣↕ ∫⊔⊣⊔⌉⇔ ⊣\⌈ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ √↕⊓∫ ⊔⟨⌉ ⊘\⊣↕ ∫⊔⊣⊔⌉⇔ ⊣↕↕≀⊒⟩\} ⊣ ≀\⌉↖⊔≀↖⇕⊣\† ⇕⊣√√⟩\}↙ I\ {⊣⌋⊔⇔ ⌉⊑⌉\ ⊣ √⊣∇⊔⟩⌋⊓↕⊣∇ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ≀{ ⊔⟨⌉ √∇≀⌋⌉⌈⊓∇⌉ ⇕⊣† ⌊⌉ \≀\⌈⌉⊔⌉∇⇕⟩\⟩∫⊔⟩⌋ ⇐⌉↙}↙⇔ ⟩{ ⟩⊔ ⟩\⊑≀↕⊑⌉∫ ⌋≀\⌋⊓∇∇⌉\⌋†⇒⇔ ⊣\⌈ ⊔⟨⌉\ ⟩⊔ ⊔≀≀ ⇕⊓∫⊔ ⌊⌉ ⌈⌉\≀⊔⌉⌈ ⌊† ⊣ ∇⌉↕⊣⊔⟩≀\ ∇⊣⊔⟨⌉∇ ⊔⟨⊣\ ⊣ {⊓\⌋⊔⟩≀\↙ S⊓√√≀∫⌉ ⊔⟨⊣⊔ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\ ⌈⟩⌋⊔⊣⊔⌉⌈ ⌊† ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⟩∫ RS and that realized by the implemen- tation is R I. The requirement that the implementation should satisfy the speci�cation translates as RI ⊆ RS In words, all possible outcomes of invoking the implementation on a given set of arguments and initial state must be included in the outcomes allowed by the speci�cation. It is possible that R I is actually a function while R S is not. For instance, if an implementation of the SEARCH routine discussed above always returns the �rst location (if any) of the item in the sequence, then the implementation is indeed deterministic. Implicit in the subset relation is the requirement that the domain of R I be the same as the domain of R S, otherwise the implementation ignores some legal inputs.

ACM., August, 1975, pp. 453�457.

Nelson, G., �A Generalization of Dijkstra’s Calculus,� ACM Transactions on Programming Languages and Systems, 11(4), October 1989, pp. 517�561.

Neither of these references will help students learn Spec; they are provided only for historical interest.

4

Before winding-up, we take a look at issues of termination. It is possible for a procedure to not terminate at all for some inputs. We can denote this case by a special state ⊥⇔ √∇≀\≀⊓\⌋⌉⌈ ⌊≀⊔⊔≀⇕↙ A\ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⟩∫ ∫⊣⟩⌈ ⊔≀ ⌊⌉ √⊣∇⊔⟩⊣↕↕† ⌋≀∇∇⌉⌋⊔ ⟩{ ⟩⊔ ∫⊣⊔⟩∫⊘⌉∫ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⊒⟨⌉\⌉⊑⌉∇ ⟩⊔ ⊔⌉∇⇕⟩\⊣⊔⌉∫↙ I⊔ ⟩∫ ∫⊣⟩⌈ ⊔≀ ⌊⌉ ⊔≀⊔⊣↕↕† ⌋≀∇∇⌉⌋⊔ ⟩{ ⟩⊔ ⟩∫ √⊣∇⊔⟩⊣↕↕† ⌋≀∇∇⌉⌋⊔ ⊣\⌈ ⊣↕⊒⊣†∫ ⊔⌉∇⇕⟩\⊣⊔⌉∫↙

▽