↙̸∀∈ ̸P∇⟩\⌋⟩√↕⌉∫ ≀{ C≀⇕√⊓⊔⌉∇ S†∫⊔⌉⇕∫ F⊣↕↕ S⌉⇕⌉∫⊔⌉∇⇔ ∞∃∃∈ L⌉⌋⊔⊓∇⌉ ∞¬̸ N≀⊑⌉⇕⌊⌉∇ ∃⇔ ∞∃∃∈ L⌉⌋⊔⊓∇⌉∇¬ B⊓⊔↕⌉∇ L⊣⇕√∫≀\ S⌋∇⟩⌊⌉¬ D⊣⊑⟩⌈ M⊣⊒

∞ O⊑⌉∇⊑⟩⌉⊒ T≀⌈⊣†≃∫ ↕⌉⌋⊔⊓∇⌉ ⌋≀\⊔⟩\⊓⌉∫ ⌈⟩∫⌋⊓∫∫⟩≀\ ≀\ ⊔⟨⌉ ISO R⌉{⌉∇⌉\⌋⌉ M≀⌈⌉↕↙ T≀√⟩⌋∫ ⌋≀⊑⌉∇⌉⌈ ⟩\⌋↕⊓⌈⌉¬ • C≀\}⌉∫⊔⟩≀\ C≀\⊔∇≀↕ ≀\ N⌉⊔⊒≀∇‖ L⊣†⌉∇ • A S√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ≀{ T∇⊣\∫√≀∇⊔ L⊣†⌉∇ • I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\∫ ≀{ T∇⊣\∫√≀∇⊔ L⊣†⌉∇ N≀⊔⌉¬ H⊣\⌈≀⊓⊔ ∋∀ ⊖R⌉↕⟩⊣⌊↕⌉ A⊔ M≀∫⊔ O\⌋⌉ M⌉∫∫⊣}⌉∫⪰ ⊣⌋⌋≀⇕√⊣\⟩⌉∫ ⊔⟨⟩∫ ↕⌉⌋⊔⊓∇⌉ ⊒⟩⊔⟨ ∫√⌉⌋⟩⊘⌋⊣↖ ⊔⟩≀\ ⊣\⌈ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\∫ ≀{ ⊔⟨⌉ T∇⊣\∫√≀∇⊔ L⊣†⌉∇↙

∈ C≀\}⌉∫⊔⟩≀\ C≀\⊔∇≀↕ ≀\ N⌉⊔⊒≀∇‖ L⊣†⌉∇ T⟨⌉∇⌉ ⊣∇⌉ ⊔⊒≀ ⊔†√⌉∫ ≀{ \⌉⊔⊒≀∇‖∫ ⌈⟩∫⌋⊓∫∫⌉⌈ ⟩\ ⊔⟨⌉ ↕⊣∫⊔ ↕⌉⌋⊔⊓∇⌉⇔ ⌊∇≀⊣⌈⌋⊣∫⊔ ⊣\⌈ ∫⊒⟩⊔⌋⟨⌉⌈↙ O\⌋⌉ ⊔⟨⌉ ⊣∇⌊⟩↖ ⊔∇⊣⊔⟩≀\ ⟩∫∫⊓⌉ ≀{ ⊣ ⌊∇≀⊣⌈⌋⊣∫⊔ \⌉⊔⊒≀∇‖ ⟩∫ ∫≀↕⊑⌉⌈⇔ ⊔⟨⌉∇⌉ ⟩∫ \≀ √∇≀⌊↕⌉⇕ ≀{ ⌋≀\}⌉∫⊔⟩≀\↙ F≀∇ ⊔⟨⌉ ∫⊒⟩⊔⌋⟨⌉⌈ \⌉⊔⊒≀∇‖⇔ ⊣ }⟩⊑⌉\ ∫⌉\⌈⌉∇ ⌈≀⌉∫ \≀⊔ ⟨⊣⊑⌉ ⊣\† ⟩\{≀∇⇕⊣⊔⟩≀\ ⊣⌊≀⊓⊔ ⊒⟨⊣⊔ ⊔⟨⌉ ≀⊔⟨⌉∇ ∫⌉\⌈⌉∇∫ ⊣∇⌉ ⌈≀⟩\}∅ ⊔⟨⌉∇⌉{≀∇⌉⇔ ⟩⊔ ⟩∫ ∐⊓⟩⊔⌉ √≀∫∫⟩⌊↕⌉ ⊔⟨⊣⊔ ⟩⊔ ∫⌉\⌈∫ ⇕≀∇⌉ ⊔⟨⊣\ ⊣ \⌉⊔⊒≀∇‖ ⌋⊣\ ⊣⌊∫≀∇⌊↙ T⟨⌉∇⌉ ⊣∇⌉ ⌊⊣∫⟩⌋⊣↕↕† ⊔⊒≀ ∫⊔∇⊣⊔⌉}⟩⌉∫ ⊔≀ ⌋≀\⊔∇≀↕ ⌋≀\}⌉∫⊔⟩≀\ ≀\ ⊣ ∫⊒⟩⊔⌋⟨⌉⌈ \⌉⊔⊒≀∇‖⇔ ⌉§√↕⟩⌋⟩⊔ ∫⌋⟨⌉⌈⊓↕⟩\} ⊣\⌈ ⌊⊣⌋‖≀{{↙ G⌉\⌉∇⊣↕↕† ∫√⌉⊣‖⟩\}⇔ ⌉§√↕⟩⌋⟩⊔ ∫⌋⟨⌉⌈⊓↕⟩\} ⟨⊣∫ ≀\⌉ \≀⌈⌉ }⊣⊔⟨⌉∇⟩\} ∇⌉∐⊓⌉∫⊔∫ {≀∇ ⊣ ∇⌉∫≀⊓∇⌋⌉ ⊣\⌈ ⌉§√↕⟩⌋⟩⊔↕† ⟨⊣\⌈⟩\} ≀⊓⊔ }∇⊣\⊔∫ {≀∇ ⊔⟨⌉ ∇⌉∫≀⊓∇⌋⌉↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ ⌊⊣⌋‖≀{{ ∫⊔∇⊣⊔⌉}† ⊣↕↕≀⊒∫ ⌉⊣⌋⟨ \≀⌈⌉ ⊔≀ ∫⌉\⌈ ⊣∫ ⇕⊓⌋⟨ ⊣∫ ⟩⊔ ⊒⊣\⊔∫ ⊣\⌈ ∫≀⇕⌉⟨≀⊒ ⌊⊣⌋‖≀{{ ⊒⟨⌉\ ⟩⊔ ⌈⌉⊔⌉⌋⊔∫ ⊔⟨⊣⊔ ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⟩∫ ⌈∇≀√√⟩\} ⟩⊔∫ ⇕⌉∫∫⊣}⌉∫↙ ∈↙∞ E§√↕⟩⌋⟩⊔ S⌋⟨⌉⌈⊓↕⟩\}¬ C∇⌉⌈⟩⊔↖⌊⊣∫⌉⌈ ⊣\⌈ S⊔⊣∇⊔∝S⊔≀√ S⌋⟨⌉⇕⌉∫ A ⌋≀⇕⇕≀\ ⌉§√↕⟩⌋⟩⊔ ∫⌋⟨⌉⌈⊓↕⟩\} ∫⊔∇⊣⊔⌉}† ⟩∫ ⌋⊣↕↕⌉⌈ ⊙≀⊒↖⌋≀\⊔∇≀↕ ≀∇ ⌊⊣⌋‖√∇⌉∫∫⊓∇⌉↙ O\⌉ ∫⌋⟨⌉⇕⌉ ⟩∫ ⊔≀ }∇⊣\⊔ ⌉⊣⌋⟨ \≀⌈⌉ ∫≀⇕⌉ ⌋∇⌉⌈⟩⊔∫ ∫⊓⌋⟨ ⊔⟨⊣⊔ ⟩⊔ ⌋⊣\ ∫⌉\⌈ ⊣∫ ⇕⊓⌋⟨ ⊣∫ ⟩⊔ ⟩∫ }∇⊣\⊔⌉⌈↙ W⟨⌉\ ⊣ \≀⌈⌉ ∇⊓\∫ ≀⊓⊔ ≀{ ⌋∇⌉⌈⟩⊔∫⇔ ⟩⊔ ⇕⊓∫⊔ ⊣∫‖ {≀∇ ⇕≀∇⌉ ⌋∇⌉⌈⟩⊔∫ {≀∇ ∫⌉\⌈⟩\}↙ A↕⊔⌉∇\⊣⊔⟩⊑⌉↕†⇔ ⊣ \≀⌈⌉ ⇕⊣† ∫⊔⊣∇⊔ ⊔≀ ∫⌉\⌈ ⊣\† ⊔⟩⇕⌉ ⊣\⌈ ∫⌉\⌈ ⊓\⊔⟩↕ ⊣ ∫⊔≀√ ⟩∫ ∫⟩}\⊣↕⌉⌈ ≀\ ⊣ ⌊⊣⌋‖ ⌋⟨⊣\\⌉↕↙ H≀⊒⌉⊑⌉∇⇔ ⟩⊔ ⟩∫ ∐⊓⟩⊔⌉ ⊔∇⟩⌋‖† ⊔≀ ⌈⌉⌋⟩⌈⌉ ⊒⟨⌉\ ⊔≀ ∫⌉\⌈ ⊣ ∫⊔≀√ ⊣\⌈ ⟨≀⊒ ⇕⊓⌋⟨ ⌊⊓{{⌉∇ ⌉⊣⌋⟨ \≀⌈⌉ ∫⟨≀⊓↕⌈ ⟨⊣⊑⌉ ⊔≀ ∐⊓⌉⊓⌉ ⊓√ ⊔⟨⌉ ⌈⊣⊔⊣ ⊔⟨⊣⊔ ⊣∇∇⟩⊑⌉∫ ∫⊓⌊∫⌉∐⊓⌉\⊔↕†↙ I\ }⌉\⌉∇⊣↕⇔ ⊣⊔ ⊔⟨⌉ ⊔⟩⇕⌉ ≀{ ∫⌉\⌈⟩\} ⊣ ∫⊔⊣∇⊔ ∫⟩}\⊣↕⇔ ⊔⟨⌉ ∇⌉⌋⌉⟩⊑⟩\} \≀⌈⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ ⌉\≀⊓}⟨ ⌊⊓{{⌉∇ ∫√⊣⌋⌉ ⊔≀ ⟨≀↕⌈ ⊣⊔ ↕⌉⊣∫⊔ ⊔⊒≀ ∇≀⊓\⌈↖⊔∇⟩√ ⊔⟩⇕⌉ ≀{ {⊓↕↕↖∇⊣⊔⌉ ∫⌉\⌈⟩\} ≀{ ⌈⊣⊔⊣↙ O\⌉ {≀∇ ∫⊔≀√ ⊔≀ ⊔⊣‖⌉ ⌉{{⌉⌋⊔ ⊣\⌈ ⊣\≀⊔⟨⌉∇ {≀∇ ∫⇕≀≀⊔⟨ ⊙≀⊒ ⟩\ ⊔⟨⌉ \⌉⊔⊒≀∇‖↙ O\ ⊔⟨⌉ ≀⊔⟨⌉∇ ⟨⊣\⌈⇔ ⊔⟨⌉ ⌋∇⌉⌈⟩⊔↖⌊⊣∫⌉⌈ ⇕⌉⊔⟨≀⌈ ⟩∫ ⟩⇕⇕⊓\⌉ ⊔≀ ⌊⊓{{⌉∇ ∫⟨≀∇⊔⊣}⌉ √∇≀⌊↕⌉⇕ ⌊⌉⌋⊣⊓∫⌉ ⌋∇⌉⌈⟩⊔∫ ⊣∇⌉ }∇⊣\⊔⌉⌈ ⌈⌉√⌉\⌈⟩\} ⊓√≀\ ⊔⟨⌉ {∇⌉⌉ ⌊⊓{{⌉∇∫ ⊣⊑⊣⟩↕⊣⌊↕⌉↙ H≀⊒⌉⊑⌉∇⇔ ∞

⊣ ⌋∇⌉⌈⟩⊔↖⌊⊣∫⌉⌈ ∫⌋⟨⌉⇕⌉ ⌋⊣\ }⌉⊔ ≀⊓⊔↖≀{↖∫†\⌋⟨∇≀\⟩‡⊣⊔⟩≀\↙ T⟨⌉ ⌋∇⌉⌈⟩⊔ ⇕⌉∫∫⊣}⌉∫ ⊣∇⌉ \≀⊔ ⟩⌈⌉⇕√≀⊔⌉\⊔ ⊣\⌈ ⊔⟨⊓∫ ⌋⊣\\≀⊔ ⌊⌉ ∫⟩⇕√↕† ∇⌉∫⌉\⊔ ⊒⟨⌉\ ⊔⟨⌉† ⊣∇⌉ ↕≀∫⊔↙ A ⇕≀∇⌉ ⌋≀⇕√↕⟩⌋⊣⊔⌉⌈ ∫⌋⟨⌉⇕⌉ ⟩∫ \⌉⌋⌉∫∫⊣∇† {≀∇ ∇⌉⌋≀⊑⌉∇⟩\} ⊔⟨⌉ ⌋∇⌉⌈⟩⊔ ⇕⌉∫∫⊣}⌉∫ ⟩\ ⌊≀⊔⟨ ⌈⟩∇⌉⌋⊔⟩≀\∫↙ B≀⊔⟨ ∫⌋⟨⌉⇕⌉∫ ≀{ ⌉§√↕⟩⌋⟩⊔ ∫⌋⟨⌉⌈⊓↕⟩\} ∫⊔∇⊣⊔⌉}† ⊔⊣‖⌉ ⊓√ ⊣ ⌋≀\∫⟩⌈⌉∇⊣⌊↕⌉ ⊣⌊≀⊓⊔ ≀{ ∇⌉∫≀⊓∇⌋⌉↙ ∈↙∈ B⊣⌋‖≀{{ A\≀⊔⟨⌉∇ ∫⟩⇕√↕† ⊣√√∇≀⊣⌋⟨ ⟩∫ ⌊⊣⌋‖≀{{ ⊒⟨⟩⌋⟨ ⊣↕↕≀⊒∫ ⌈∇≀√√⟩\} ≀{ ⌈⊣⊔⊣ ⊒⟨⌉\ ⌊⊓{{⌉∇ ⟩∫ ≀⊑⌉∇↕≀⊣⌈⌉⌈↙ T⟨⌉∇⌉ ⊣∇⌉ ⊔⊒≀ ∫⊔∇⊣⊔⌉}⟩⌉∫↙ O\⌉ ⟩∫ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ↕≀⊣⌈ ≀{ ⊣ ∫⊒⟩⊔⌋⟨⌉⌈ \⌉⊔⊒≀∇‖ ⌊† ⌋≀↕↕⌉⌋⊔⟩\} ⊣ ↕≀⊔ ≀{ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ≀\ ⊔⟨⌉ ⊓∫⊣}⌉ ≀{ ⊔⟨⌉ \⌉⊔⊒≀∇‖⇔ ⊣\⌈ ⌈⌉⌋⟩⌈⌉ ⊣ ⇕⊣§⟩⇕⊓⇕ ⌋⊣√⊣⌋⟩⊔† ≀{ ⊔⟨⌉ \⌉⊔⊒≀∇‖↙ T⟨⌉ ⊔⌉↕⌉√⟨≀\⌉ ⌋≀⇕√⊣\⟩⌉∫ ⊓∫⌉ ⊔⟨⟩∫ ⇕⌉⊔⟨≀⌈ ⊣\⌈ ∫⟩⇕√↕† ⌈⌉⌋↕⟩\⌉ ∫⌉∇⊑⟩⌋⌉ ⊒⟨⌉\ ⟩\{∇⌉∐⊓⌉\⊔ ≀⌋⌋⊣∫⟩≀\∫ ≀{ ⌊⊓∇∫⊔† ≀⊑⌉∇↕≀⊣⌈ ≀⌋⌋⊓∇↙ H≀⊒⌉⊑⌉∇⇔ ⊔⟨⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋∫ ≀\ ⊣ ⌈⊣⊔⊣↖⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ \⌉⊔⊒≀∇‖ ⟩∫ ⇕⊓⌋⟨ ⟨⊣∇⌈⌉∇ ⊔≀ ⌋≀↕↕⌉⌋⊔ ⊒⟨⟩⌋⟨ ⟨⊣∫ \≀ ⌋⌉\⊔∇⊣↕ ∫⊒⟩⊔⌋⟨ ⊣\⌈ ⟨⊣∫ ⇕⊓⌋⟨ ⇕≀∇⌉ ⌊⊓∇∫⊔† ⊔∇⊣{⊘⌋ ⊔⟨⊣\ ⊔⟨⌉ ⊔⌉↕⌉√⟨≀\⌉ ∫⊒⟩⊔⌋⟨ \⌉⊔⊒≀∇‖↙ A ⇕≀∇⌉ ∫†∫⊔⌉⇕⊣⊔⟩⌋ ⌊⊣⌋‖≀{{ ∫⌋⟨⌉⇕⌉ ⟩∫ ⌈⌉∫⟩∇⊣⌊↕⌉ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⟨≀⊒ ⇕⊓⌋⟨ ↕≀⊣⌈ ⊔⟨⌉∇⌉ ⟩∫ ⟩\ ⊣ ⌈⊣⊔⊣↖⌋≀⇕⇕⊓\⟩⌋⊣⊔⟩≀\ \⌉⊔⊒≀∇‖ ⊣\⌈ ⟨⊣⊑⌉ ⌉⊣⌋⟨ \≀⌈⌉ }⌉⊔ ⟩⊔∫ {⊣⟩∇ ∫⟨⊣∇⌉↙ T⟨⌉ ⌊⊣⌋‖≀{{ ⇕⌉⊔⟨≀⌈ ⊓∫⌉⌈ {≀∇ ⊣ ↕≀\}↖⟨⊣⊓↕ \⌉⊔⊒≀∇‖⇔ ↕⟩‖⌉ ⊔⟨⌉ I\⊔⌉∇\⌉⊔⇔ ⟩∫ ⊑⌉∇† ∫⟩⇕⟩↕⊣∇ ⊔≀ ⊔⟨⊣⊔ ⊓∫⌉⌈ {≀∇ ⊔⟨⌉ E⊔⟨⌉∇\⌉⊔⇔ ⌉§⌋⌉√⊔ ⊔⟨⊣⊔ ⌉⊣⌋⟨ \≀⌈⌉ ∫⟨≀⊓↕⌈ ⌊⌉ ⌋⊣⊓⊔⟩≀⊓∫ ⊒⟨⌉\ ⟩⊔ ∫⊔⊣∇⊔∫ ⊔≀ ∫⌉\⌈ ⌈⊣⊔⊣ ⊒⟩⊔⟨≀⊓⊔ ⊣ }≀≀⌈ ⌉∫⊔⟩⇕⊣⊔⌉ ≀{ ⊔⟨⌉ ↕≀⊣⌈↙ S⟩\⌋⌉ ⊣ \≀⌈⌉ ⟩\ ⊔⟨⌉ I\⊔⌉∇\⌉⊔ ⌈≀⌉∫ \≀⊔ ⊣↕⊒⊣†∫ ⇕≀\⟩⊔≀∇ ⊔⟨⌉ ↕≀⊣⌈ ≀{ ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⊣\⌈ ⟩⊔ ⊒⟩↕↕ ⊔⊣‖⌉ ⊣ ↕≀\} ⊔⟩⇕⌉ ⊣{⊔⌉∇ ⊣ \≀⌈⌉ ∫⊔⊣∇⊔∫ ⊔≀ ∫⌉\⌈ ⌈⊣⊔⊣ ⟩\ ≀∇⌈⌉∇ ⊔≀ }⌉⊔ ⊣\† {⌉⌉⌈⌊⊣⌋‖ ⊣⌊≀⊓⊔ ⊔⟨⌉ ↕≀⊣⌈ ≀{ ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⊒⟩⊔⟨ ⊔⟨⌉ ⌊⊣⌋‖≀{{ ∫⌋⟨⌉⇕⌉⇔ ⊣ \≀⌈⌉ ∫⟨≀⊓↕⌈ ⟨⊣⊑⌉ ⊣ ∫↕≀⊒ ∫⊔⊣∇⊔ ⟩\ ∫⌉\⌈⟩\} ⌈⊣⊔⊣↙ T⟨⌉ ∫↕≀⊒ ∫⊔⊣∇⊔ ⊣↕}≀∇⟩⊔⟨⇕ √∇⌉⊑⌉\⊔∫ ⊣ \≀⌈⌉ {∇≀⇕ |⊣⇕⇕⟩\} ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⊣⊔ ⊔⟨⌉ ∫⊔⊣∇⊔↙ A ∫⌉\⌈⟩\} \≀⌈⌉ ∫⟨≀⊓↕⌈ ⊒⊣⟩⊔ {≀∇ {⌉⌉⌈⌊⊣⌋‖ ⊣⌊≀⊓⊔ ⊔⟨⌉ ↕≀⊣⌈ ≀{ ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⊣\⌈ }∇⊣⌈⊓⊣↕↕† ⟩\⌋∇⌉⊣∫⌉ ⊔⟨⌉ ∇⊣⊔⌉ ≀{ ⌈⊣⊔⊣ ∫⌉\⌈⟩\} ⊔≀ ⇕⊣⊔⌋⟨ ⊓√ ⊒⟩⊔⟨ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ≀{ ⊔⟨⌉ ↕≀⊣⌈↙ A↕↕ ⟩\ ⊣↕↕⇔ ⊔⟨⌉ ⌊⊣⌋‖≀{{ ⇕⌉⊔⟨≀⌈ ∇⌉∐⊓⟩∇⌉∫ ⊣↕↕ \≀⌈⌉∫ ⟩\ ⊔⟨⌉ \⌉⊔⊒≀∇‖ ⊔≀ {≀↕↕≀⊒ ⊔⟨⌉ ∫⊣⇕⌉ ⊣↕}≀∇⟩⊔⟨⇕∫ ∫≀ ⊔⟨⊣⊔ \≀ ∫⟩\}↕⌉ \≀⌈⌉ ⌋⊣\ ⟨⊣⊑⌉ ⊣\ ⊓\{⊣⟩∇ ⊣⌈⊑⊣\⊔⊣}⌉ ≀⊑⌉∇ ≀⊔⟨⌉∇∫↙

∋ T∇⊣\∫√≀∇⊔ L⊣†⌉∇ T⟨⌉ ↕⊣†⌉∇ ⊣⌊≀⊑⌉ ⊔⟨⌉ N⌉⊔⊒≀∇‖ L⊣†⌉∇ ≀{ ⊔⟨⌉ ISO ⇕≀⌈⌉↕ ⟩∫ ⊔⟨⌉ T∇⊣\∫√≀∇⊔ L⊣†⌉∇ ⊒⟨⟩⌋⟨ √∇≀⊑⟩⌈⌉∫ ∇⌉↖ ↕⟩⊣⌊↕⌉ ⇕⌉∫∫⊣}⌉ ⌈⌉↕⟩⊑⌉∇†↙ R⌉↕⟩⊣⌊↕⌉ ⌈⌉↕⟩⊑⌉∇† ⇕⌉⊣\∫ ⊔⟨⊣⊔ ⊣↕↕ ⇕⌉∫∫⊣}⌉∫ ∫⌉\⊔ ⊣∇⌉ ∇⌉⌋⌉⟩⊑⌉⌈ ⟩\ ≀∇⌈⌉∇ ⊣\⌈ ⊣∇⌉ ⊣⌋‖\≀⊒↕⌉⌈}⌉⌈↙ H≀⊒⌉⊑⌉∇⇔ ⟩\ {⊣⌋⊔⇔ ⊔⟨⌉ T∇⊣\∫√≀∇⊔ L⊣†⌉∇ ⌋⊣\\≀⊔ ⟨⊣\⌈↕⌉ ∫≀⇕⌉ ⊔†√⌉∫ ≀{ ⌉\⌈↖\≀⌈⌉ {⊣⟩↕⊓∇⌉∫ ⊒⟨⟩⌋⟨ ⌋⊣\ ∇⌉∫⊓↕⊔ ⟩\ ↕≀∫∫ ≀{ ⇕⌉∫∫⊣}⌉∫↙ ∪R⌉{⌉∇ ⊔≀ H⊣\⌈≀⊓⊔ ∋∀ √⊣}⌉ ∞⊎ ∋↙∞ S√⌉⌋⟩⊘⌋⊣⊔⟩≀\ P⊣}⌉ ∈ ≀{ H⊣\⌈≀⊓⊔ ∋∀ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ≀{ ⊣ {⊣⊓↕⊔† N⌉⊔⊒≀∇‖ L⊣†⌉∇ \⌉⊔⊒≀∇‖ ⊣\⌈ P⊣}⌉ ∋ ≀{ H⊣\⌈≀⊓⊔ ∋∀ ⌈⌉∫⌋∇⟩⌊⌉∫ ⊔⟨⌉ ∇⌉↕⟩⊣⌊↕⌉ ⊣⊔↖⇕≀∫⊔↖≀\⌋⌉ ⇕⌉∫∫⊣}⌉ ⌈⌉↕⟩⊑⌉∇† ∫⌉∇⊑⟩⌋⌉ ⊣⊔ ⊔⟨⌉ T∇⊣\∫√≀∇⊔ L⊣†⌉∇↙ T⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\∫ ∫⊔⊣⊔⌉ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⟩∫ ⊣ FIFO ∐⊓⌉⊓⌉ ⊒⟩⊔⟨ ⊔⊒≀ ⌊⊣∫⟩⌋ ≀√⌉∇⊣⊔⟩≀\∫¬ P⊓⊔ ⊣\⌈ G⌉⊔↙ A\ ⊣⌈⌈⟩⊔⟩≀\⊣↕ ≀√⌉∇⊣⊔⟩≀\⇔ G⌉⊔A⌋‖⇔ ⟩∫ ∇⌉∐⊓⟩∇⌉⌈ ⊔≀ ⌋≀\⊑⌉† ⊔⟨⌉ ⊣⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫↙ I\ ⊔⟨⌉ ∫√⌉⌋ }⟩⊑⌉\ ⌊⌉↕≀⊒⇔ {⊣⟩↕⊓∇⌉∫ ⊣∇⌉ ⟨⊣\⌈↕⌉⌈ ⟩\ ⊣ ∫≀⇕⌉⊒⟨⊣⊔ ⌈⟩{{⌉∇⌉\⊔ ⊒⊣† ⊔⟨⊣\ ⊔⟨⊣⊔ ⟩\ H⊣\⌈≀⊓⊔ ∋∀↙ T⊒≀ ⇕≀∇⌉ ⊑⊣∇⟩⊣⌊↕⌉∫⇔ rec_s and rec_r, are introduced for recovery, and separate Recovery actions and Lose operation have been

added.

APROC CrashS = ⟨⟨ rec s := true ⟩⟩ APROC C∇⊣∫⟨R ℑ ⟨⟨ rec_r := true ⟩⟩ APROC R⌉⌋≀⊑⌉∇S ℑ ⟨⟨ rec_s := false ⟩⟩ APROC R⌉⌋≀⊑⌉∇R ℑ ⟨⟨ rec_r := false ⟩⟩ APROC L≀∫⌉ ℑ ⟨⟨ rec_s ∨ rec_r ⇒ VAR ∐∞⇔ ∐∈⇔ ⇕ | ∐ ℑ ∐∞ ⇓ ⇕ ⇓ ∐∈ ⇒ ∐ ¬ℑ ∐∞ ⇓∐∈∅ ∐∈ ℑ {} ⇒ ⊣⌋‖ ¬ℑ {⊣↕∫⌉ ∪⊎ BEGIN ⊣⌋‖ ¬ℑ {⊣↕∫⌉ ∪∗⊎ SKIP END ⟩⟩ ∋↙∈ I⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ I\ ⊣ }⌉\⌉∇⊣↕ ⟩⇕√↕⌉⇕⌉\⊔⊣⊔⟩≀\ ⇕≀⌈⌉↕ {≀∇ ⊔⟨⌉ ∫√⌉⌋⟩⊘⌋⊣⊔⟩≀\ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⊣⌊≀⊑⌉⇔ ⌉⊣⌋⟨ ⇕⌉∫∫⊣}⌉ ⟩∫ ⊔⊣}}⌉⌈ ⊒⟩⊔⟨ ⊣\ ⟩⌈⌉\⊔⟩⊘⌉∇↙ B≀⊔⟨ ⊔⟨⌉ ∫⌉\⌈⌉∇ ⊣\⌈ ⊔⟨⌉ ∇⌉⌋⌉⟩⊑⌉∇ ⟨⊣⊑⌉ ∫⌉⊔∫ ≀{ ⟩⌈⌉\⊔⟩⊘⌉∇∫↙ T⟨⌉ ∇⌉⌋⌉⟩⊑⌉∇ ⟨⊣∫ ⊣ ∫⌉⊔ ≀{ }≀≀⌈ ⟩⌈⌉\⊔⟩⊘⌉∇∫⇔ g_r, which are identi�ers the receiver knows have not been attached to any message

received. We assume that the identi�ers are ordered and there is a property that all identi�ers in

g_r are bigger than the identi�ers of messages received. Upon receiving a message, the receiver

checks to see if the identi�er of the message is in the g r, if so, the receiver will take it, otherwise, the message is dropped as duplicate. The sender also chooses identi�er from its own set of good identi�ers, g s, which satis�es the property:

g_s ⊆ g_r

This is so because if the sender picks an identi�er that the receiver does not think is good and transmits it, the receiver will drop the message. That will violate the protocol, which says all the messages are supposed to be accepted unless there is a crash.

In the simple case of a one-message buffer, the basic notion of the protocol is that when the sender is idle, it send out a message, m, with an identi�er, last, picked from g s. The sender keeps the current message (last message sent) in a variable, c = (last,m) and retransmits it until a positive acknowledgment is received. Since last is picked from g s, a subset of g r , the receiver is ready to take message m with identi�er last. The identi�er last is removed from the g s when it is picked by the sender and is subsequently removed from g r when the receiver gets it.

The receiver accepts a message if it is tagged with an identi�er that is in its good set, and then removes the identi�er from the good set. If the identi�er is not in its good set, but was the last message accepted by the receiver, it sends back a positive ack. Otherwise, a negative ack is sent. Note that there are several reasons why such a case may arise. First, it might be a delayed duplicate of an old message; since it is not the current message being sent by the sender, the sender will ignore the negative ack. Second, the receiver might have crashed before accepting any copy of the message, and as a result of the crash, the identi�er got removed from its good set. Subsequently, if it recovered and received a message with that identi�er, it would reject the message and send back a negative ack, which will inform the sender of the loss, as required by the spec. Third, the receiver might have accepted the �rst copy of the message, removed the identi�er from its good set, and sent a positive ack that did not reach the sender. If it then crashed, and subsequently received a retransmitted copy of the message, it would send a negative ack because it forgot the identi�er of the last message it accepted. The sender would see the negative ack although the message did get delivered, but this is ok because it is allowed by the spec.

We now try to develop an abstraction function from the state of the implementation to that of the spec. A �rst cut might be: q = {c}, if c ≠ nil ∧ last_s ∈ g_r = {}, otherwise this says that a message gets into the abstract state q as soon as c is set and is removed from there when it is accepted by the receiver ↼indicated by the removal of the identiαer from g_r). This is incomplete because if the sender crashes, c is nulliαed but the message may be buffered in the network and may actually get delivered to the receiver▷ To account for such messages q is augmented as follows. q = {(i, m)|(i, m) ∈ s_r ∧ i ≠ last_s ∧ i ∈ g_r }.sorted +{c}, if c ≠ nil ∧ last_s ∈ g_r

If we try to prove that the implementation satis�es the spec using the above abstraction function, we hit a serious snag illustrated below:

1. sender sends message (1, m1) into the network.

2. sender crashes. 3. sender recovers.

4. sender sends message (2, m2) into the network. 5. the network loses (1, m1). According to the abstraction function, q has the following values at different stages. 1▷ {m1} ∈↙ {m1} ∋↙ {m1} △↙ {m1, m2} ▽↙ {m2}

△

T⟨⌉ √∇≀⌊↕⌉⇕ ⟩∫ ⊔⟨⊣⊔ ⊣↕⊔⟨≀⊓}⟨ ⊔⟨⌉ ∫√⌉⌋ ⊣↕↕≀⊒∫ ↕≀∫∫ ≀{ ⇕⌉∫∫⊣}⌉∫ ⊒⟨⌉\ ⊔⟨⌉∇⌉ ⟩∫ ⊣ ⌋∇⊣∫⟨⇔ ⟩⊔ ∇⌉∫⊔∇⟩⌋⊔∫ ⊔⟨⌉ ↕≀∫∫ ⊔≀ ≀⌋⌋⊓∇ ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌋∇⊣∫⟨ ⊣\⌈ ∇⌉⌋≀⊑⌉∇†↙ B⊓⊔ ⟩\ ⊔⟨⌉ ⊣⌊≀⊑⌉ ∫⌋⌉\⊣∇⟩≀⇔ ⊔⟨⌉ ∫⌉\⌈⌉∇ ⟨⊣∫ ∇⌉⌋≀⊑⌉∇⌉⌈ ⟩\ ∫⊔⊣}⌉ ∋ ⇐⟩⊔ ⌉⊑⌉\ ∫⌉\⊔ ⊣ \⌉⊒ ⇕⌉∫∫⊣}⌉ m2↽ and the loss seems to have occurred after all that▷ Thus the implementation is making the decision to lose messages later than when the spec allows it▷ As far as externally visible behavior is concerned the implementation does satisfy the given spec▷ However given the tools introduced so far ↼including history variables etc▷↽ it is impossible to come up with an abstraction function that will prove it so▷ We need another αx called prophecy variable which is in some sense the dual of a history variable▷ But instead of using prophecy variables we shall simply change the spec so that the implementation can be proved correct▷ The idea is that instead of losing messages on a crash the spec would simply mark them for possible later loss▷ Each message in q has a mark bit associated with it. q / SEQ ♭m mark♯ APROC CrashS / ⟨⟨ rec_s := true ⟩⟩ APROC C∇⊣∫⟨R ℑ ⟨⟨ rec_r := true ⟩⟩ APROC R⌉⌋≀⊑⌉∇S ℑ ⟨⟨ rec_s := false ⟩⟩ APROC R⌉⌋≀⊑⌉∇R ℑ ⟨⟨ rec_r := false ⟩⟩ APROC M⊣∇‖ ℑ ⟨⟨ rec_s ∨ rec_r ⇒ ↗ ⇕⊣∇‖ ⇕⌉∫∫⊣}⌉∫ ⟩\ q APROC Drop / ϱ delete a marked message from q